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1. Introduction
The most important discovery, that everybody expects at the LHC, is the discovery of the Higgs boson.
The exclusive process which has the best experimental signature, as far as we know, is diffractive Higgs
production. Having two large rapidity gaps between the Higgs and the recoiled protons, this process has a
minimal background from QCD processes without the Higgs. However, the total cross section for diffractive
Higgs production turns out to be very small, namely about 3 fb (see detailed estimates by the Durham
group, in Ref. [1]). The largest cross section out of all the different processes for Higgs production, is
the cross section for inclusive Higgs production, which reaches 40 - 50 pb (assuming that the Higgs mass
MH ≈ 100GeV/c2) .
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Unfortunately, the background for this process
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Figure 1: The associate W boson and Higgs produc-
tion.
turns out to be so large, that any experimental mea-
surement of the Higgs in an inclusive process, looks
rather problematic. In his talk at GGI WS (Florence
2007), Hannes Jung made the suggestion of measur-
ing the associate Higgs production, which is the in-
clusive production of the Higgs together with the W
boson. This process has a cross section which is about
1.5% of that of the cross section for inclusive Higgs
production, but this smallness could be compensated
by its improved experimental signature. This process
yields the production of the W boson and the Higgs,
at more or less the same rapidity values (see Fig. 1).
The value for the cross section for this process, can
be found only to within an accuracy of 30%, due to
large uncertainties in the values of the structure functions. However, the ratio
R1 =
σ (pp → WH + X)
σ (pp → W + X) ≈ 3.5 × 10
−8 (1.1)
is known to within 7% accuracy. In this paper, we estimate the cross section of the main background
process, namely, the associate production of the W boson and the bb¯ pair, which has a mass close to MH ,
and is produced at more or less the same value of rapidity. It is easy to see, that if we assume that the W
boson and the bb¯ pair are produced independently of the different parton showers, the ratio of the signal
to the background can be estimated using the following equation
R =
σ (pp → WH + X)
σ
(
pp → W + [bb¯] +X) ≈ R1σ(pp→[bb¯] + X)
σtot
This simple estimate for the cross section for bb¯ production, gives
σ(pp→ [bb¯] + X) ∝ α
2
S(MH)
M2H
(1.2)
and, using σtot = 110mb (see Ref. [2]), we obtain
R ∼ 9÷ 10 (1.3)
However, we see two sources for an increase of the bb¯ production cross section. These are the energy
growth of the cross section due to the gluon structure function, and the positive correlation between the
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Figure 2: The exchange of the single BFKL Pomeron.
W boson and the bb¯ production, which has been seen at the Tevatron [3]. The estimates of both sources,
are the subject of this paper.
This paper is organized as follows. In the next section, we calculate the cross sections for inclusive W
boson and bb¯ production, with a particular focus on the energy dependence of the cross section.
The main section of this paper is the third, where we consider the correlation function for inclusive W
boson and bb¯ production. We show that this correlation function can be reduced to the calculation of the
specific enhanced diagrams, for the BFKL Pomeron interaction. The detailed calculations of the enhanced
diagrams are presented in this section, which include the integration over the entire kinematic region. In
particular, the overlapping singularities are taken into account. Calculating this diagram, and comparing
this calculation with the experimental data obtained at the Tevatron, we will be able to provide a reliable
estimate in section 4 of the ratio of Eq. (1.2), at the LHC range of energies. In the conclusion we summarise
our results.
2. One parton shower contribution: one BFKL Pomeron exchange and inclusive cross
section
In this section, we will discuss the calculation of the inclusive cross section. Due to the factorisation theorem
[4, 5], and the AGK cutting rules [6], only the production from one parton shower contributes to the single
inclusive cross section. We begin with a discussion of the one BFKL Pomeron exchange amplitude.
In the calculations that follow, let ~ki denote the momenta conjugate to the size of the interacting
dipoles. ~qi are the momenta transferred along the Pomerons. The diagram of Fig. 2 shows the scattering
of the dipole with rapidity Y , and transverse momentum ~k, off the dipole at rapidity Y = 0, which carries
transverse momentum ~k0, due to the exchange of one Pomeron. In this notation, the amplitude of Fig. 2
has the expression[7]
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A (1IP ) =
+∞∑
n=−∞
∮
C
dγ g
(
~k, ~q; γn
)
eω(γn)(Y −Y
′) h ( γn) g
(
~k0, ~q; γ˜
)
where h ( γn) =
(
γn − 1
2
)2
λ ( γn) and λ ( γn) = ( γn ( 1− γn) )−2 (2.1)
where the conformal variable γn, is defined in Eq. (2.2) as
γn =
1 + n
2
+ iν γ˜n = 1 − γ∗n =
1− n
2
+ iν (2.2)
The contour C consists of the imaginary γ axis
ε
Figure 3: Contour enclosing singularities for integra-
tion over the conformal variable γ.
from ± i∞, and the semi circle at ∞, to the left of
the imaginary γ axis, which encloses all singularities
in the integrand of Eq. (2.1) (see Fig. 3). Since
g
(
~k, ~q; γ
)
g
(
~k0, ~q; γ˜
)
∝ (k2/k20)γ for k2 > k20 , the
integrand vanishes on the semi circle at ± i∞, such
that it is sufficient just to replace
∮
C
dγn →
∫ ǫ+i∞
ǫ−i∞
dγn (2.3)
In evaluating the integral of Eq. (2.1), and in
particular for the first enhanced diagram, the calcu-
lations that follow will be more economical if the integrals are expressed in terms of the variable ν, instead
of the variable γn, (where the relationship between γn and ν is given in Eq. (2.2)). For the integration
limits ǫ+ i∞ ≤ γ ≤ ǫ+ i∞ (as ǫ→ 0), then Eq. (2.2) gives the corresponding limits of integration for the
variable ν as −∞ ≤ ν ≤ ∞, and one should sum over all real positive integers n in Eq. (2.2). In this way
in Eq. (2.1), one can replace the integration over γn with the integration over ν using the notation
∞∑
n=−∞
∫ ǫ+i∞
ǫ−i∞
dγn =
∞∑
n=−∞
∫ ∞
−∞
dν (2.4)
The notation
∑∞
n=−∞
∫∞
−∞
dν, corresponds to the integration over the quantum numbers associated
with the continuous unitary variable irreducible representations of SL ( 2 , C) , defined in Eq. (2.2). The
energy levels are the SL ( 2 , C) eigenvalues of the BFKL kernel, given by
ω ( γn) = α¯S {ψ ( 1) −ℜ (ψ ( γn) ) } = α¯S {2ψ ( 1) − ψ ( γn) − ψ ( 1− γn) } (2.5)
= α¯S
{
ψ(1) −Reψ
( |n|+ 1
2
+ iν
)}
(2.6)
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where ψ (f) = d / df ( ln Γ ( f) ) , and g
(
~k, ~q; γn
)
, are the eigenfunctions. Thus, the one BFKL
pomeron exchange amplitude shown in Fig. 2, has this expression in ν notation
A (1IP ) =
∫ ∞
−∞
dν gP
(
~k, ~q;n = 0, ν
)
eω(n=0,ν)(Y −Y
′) ν2 λ(n = 0, ν) gP
(
~k0, ~q;n = 0,−ν
)
=
∫ ∞
−∞
dν gP
(
~k, ~q; ν
)
eω(ν)(Y −Y
′) ν2 λ (0, ν) gP
(
~k0, ~q;−ν
)
(2.7)
where in terms of ν
λ(n, ν) =
1
[ (n+1)
2
4 + ν
2][ (n−1)
2
4 + ν
2]
(2.8)
In Eq. (2.7), it is assumed that n = 0, in order to find the largest contribution at high energy. From
now onwards, the notation ω(ν) = ω(n = 0, ν) will be used (see Eq. (2.6)), and λ(ν) = λ(n = 0, ν)
and g
(
~k, ~q; ν
)
= g
(
~k, ~q;n = 0, ν
)
. In Eq. (2.7), gP ( q, k;n = 0, ν) = ΓP (k, q) g ( q, k;n = 0, ν) and
g ( q, k;n = 0, ν) has been calculated in Ref.[8], which takes the form the form
g (k, q; ν) =
(qq¯)iν
| k|
{
C1 (ν)
(
q2
16 k2
)−iν
F (ν)− C2 (ν)
(
q2
16 k2
)iν
F (−ν)
}
(2.9)
where F (ν) = 2F1
(
1
4
− 1
2
iν,
3
4
− 1
2
iν, 1− iν, q
2
4k2
)
2
F1
(
1
4
− 1
2
iν,
3
4
− 1
2
iν, 1− iν, (q
∗)2
4 (k∗)2
)
and where C1 (ν) =
2−2iνπ2
−iν
Γ2
(
1
2 − iν
)
Γ (iν)
Γ2
(
1
2 + iν
)
Γ (−iν) C2 (ν) =
2−2iνπ2
−iν
Γ2 (1− iν) Γ (iν)
Γ2 (1 + iν) Γ (−iν) (2.10)
¿From this definition, one notes the following interesting property of C1 (ν), namely
C1 (ν) C1 (−ν) = π
4
ν2
(2.11)
In the limit that q ≪ k, then the function F ( ν) defined in Eq. (2.10) tends to unity, and Eq. (2.9)
reduces to
g ( k , q , n = 0 , ν) =
C1 ( ν)
| k|
(
16k2
)iν
(2.12)
ΓP (k, q) is the so called impact factor, which is equal to
ΓP (k, q) =
∑
i
∫ ∏
i
d2xi d
2yi |Ψ({xi, yi}) |2 e~q·
1
2
(~xi − ~yi)
(
1 − e~k·(~xi− ~yi)
)
(2.13)
– 5 –
2x1, ~q1
W
x1, ~q2
σ(MW , ν, ν
′)
g(k0, 0;−ν
′)
g(k, 0;−ν)
P
(
k,MW |Y − YW −
1
2
δYW
)
P
(
k0,MW |YW −
1
2
δYW
)
Figure 4: The inclusive production in the BFKL Pomeron approach.
where Ψ ({xi, yi}) is the wave function of the proton written in terms of the colourless dipoles, where
xi and yi are the coordinates of the dipole i (here |~xi − ~yi| is the dipole size). It is convenient to calculate
the amplitude for single pomeron exchange of Eq. (2.7), for the case of ~q = 0, since we are considering
here the contribution of the BFKL Pomeron to the total cross section. Hence, assuming that k20 ≪ k2,
and using the expression of Eq. (2.9) for g ( q, k;n = 0, ν)
A (1IP ) =
π4(
k2 k20
)1/2 ΓP (k, q = 0) ΓP (k0, q = 0) P (k; k0|Y − Y ′)
where P
(
k; k0|Y − Y ′
)
=
∫ ∞
−∞
dν
2π i
eω(ν)(Y −Y
′) λ (0, ν)
(
k2
k20
)iν
(2.14)
It should be noted that P (k; k0|Y − Y ′) is the dimensionless amplitude for the single BFKL pomeron
exchange, where as A ( 1IP ) is related to the cross section, and it has the dimensions of GeV−2. The
integration over ν can be evaluated by expanding the BFKL function ω ( ν) , around the saddle point ν = 0
(see Eq. (2.6))
ω ( ν) = ω ( 0) − 1
2
ν2ω” ( 0) (2.15)
Then the integration over ν in Eq. (2.14), reduces to a Gaussian integral, and evaluating the ν inte-
gration, gives the expression for single Pomeron exchange as the expression
[A ( 1IP ) ]ν→ 0 =
π4 ΓP (k, q = 0) ΓP (k0, q = 0)(
k20k
2
) 1
2
P
(
k; k0|Y − Y ′
)
(2.16)
where P
(
k; k0|Y − Y ′
)
= eω( 0)Y
(
2π
ω” ( 0) Y
) 1
2
(2.17)
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It should be stressed, that the value of ν in this integral is small, namely
(
ν = ln(k2/k20)/(ω”(0)Y )≪ 1
)
,
justifying our expansion in Eq. (2.15). It should be noted, that in Eq. (2.14), contains as the initial condi-
tion at Y − Y ′ = 0, the exchange of two gluons in the Born Approximation of perturbative QCD. Indeed,
in this case, the contour in ν can be closed on the singularities of λ(n = 0, ν), which are the poles of the
second order at ν = ±i12 . Considering the case when k2 > k20 , we close the contour on the point ν = +12 i,
and obtain the following expression
P
(
k; k0|Y − Y ′ → 0
) −→
√
k20
k2
ln
(
k2/k20
)
(2.18)
which leads to
A ( 1IP ) =
π4 ΓP (k, q = 0) ΓP (k0, q = 0)
k2
ln
(
k2/k20
)
(2.19)
Eq. (2.19) is the answer for the Born approximation of perturbative QCD, (namely, for the case of
two gluon exchange). For the case of calculating the inclusive cross section, we can use the kt factorisation
theorem [4, 5], using the Mueller technique [9], which allows one to reduce the calculation of the inclusive
cross section to the case of single Pomeron exchange, using the optical theorem (see Fig. 4, where the
inclusive production of the W boson is shown in the Mueller technique [9]). Indeed, according to the
factorisation theorem, the inclusive production can be written as [10]
dσ
dYW
=
∫
dx1dx2
∫
d2q1 d
2q2 φ(x1, q1)φ(x2, q2)σ(MW , q1, q2) δ(x1x2s−M2W ) (2.20)
where s is the energy of the collision, and φ(xi, qi) is the un-integrated structure function, which is
related to the gluon structure function in the following way
xiG(xi, q
2) =
∫ q2
dk2φ(xi, k
2) (2.21)
where the xi are equal to
x1 =
MW√
s
eYW ; x2 =
MW√
s
e−YW ; (2.22)
where YW is the rapidity of the W boson in the center of mass frame (c.m.f.). The un-integrated
structure function at high energy can be rewritten through the Pomeron exchange, while the hard cross
section in Eq. (2.20) is calculated in the appendix. The integrals over q1 and q2 in Eq. (2.20), are convergent
at q1 ≈MW and q2 ≈MW , and because of this, one can rewrite Eq. (2.20) in a simpler form, namely
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dσincl
(
ln
(
s/M2
b,b¯
)
;Ybb¯; 0
)
dybb¯
= (2.23)
σ (Mbb¯) ΓP (k, q = 0) ΓP (k0, q = 0)
√
M4
bb¯
k2 k20
P
(
k,Mb,b¯|Y − Ybb¯ −
1
2
δYbb¯
)
P
(
k0,Mb,b¯|Ybb¯ −
1
2
δYbb¯
)
dσincl
(
ln
(
s/M2W
)
;YW ; 0
)
dYW
= (2.24)
σ (MW ) ΓP (k, q = 0) ΓP (k0, q = 0)
√
M4W
k2 k20
P
(
k,MW |Y − YW − 1
2
δYW
)
P
(
k0,MW |YW − 1
2
δYW
)
In Eq. (2.24), σ (MW ) is the squared amplitude of the quark hexagon contribution shown in Fig. 5,
and σ (Mbb¯) is the squared amplitude of the quark subprocess contribution shown in Fig. 6. Both have
the dimensions of cross section, namely σ (MW ) and σ (Mbb¯) have dimensions of GeV
−2 (see Eq. (2.27)
and Eq. (2.29) respectively). Y = ln(s/m2), and YW and Ybb¯ are respectively the rapidity values in the
laboratory frame of the W boson, and the center of mass of the quark anti-quark pair. δYW ≡ ln(M2W /m2)
and δYbb¯ ≡ ln(M2bb¯/m2) are the rapidity windows occupied by the W boson and the [bb¯] pair, respectively.
The arguments in the single Pomeron amplitudes in Eq. (2.24), follow directly from Eq. (2.22). For P , we
can use Eq. (2.14), for example
P
(
k,MW |Y − YW − 1
2
δYW
)
=
∫ ∞
−∞
dν
2π i
eω(ν) (Y−YW−
1
2
δYW )
(
M2W
k2
)iν
(2.25)
Using Eq. (2.18), one can see that at low energies, Y → δYW , and Eq. (2.24) reduces to the expression
dσincl
(
ln
(
s/M2W
)
;YW ; 0
)
dYW
−→ ΓP (k, q = 0) ΓP (k0, q = 0) ln
(
M2W /k
2
)
ln
(
M2W /k
2
0
)
σ (MW ) (2.26)
which is exactly the same as the expression for the cross section in the Born approximation of pertur-
bative QCD, ( see Eq. (2.28)), with k2 = k20 = q
2
⊥,min, and ΓP (k, q = 0) = α¯S(k
2). It is easy to see, that
Eq. (2.23) has the form of Eq. (2.30), in the low energy limit.
The Mueller diagram in the Born approximation of pQCD for the inclusive W boson production, is
shown in Fig. 4, and the formula for this cross section is given by Eq. (2.24). We need only to calculate
σ (MW ) and σ (Mbb¯). The easiest way to derive these cross sections, is to calculate them in the Born
approximation of perturbative QCD ( see Fig. 5 and Fig. 6). The calculations of the expressions for the
cross sections for the processes of Fig. 5 and Fig. 6, are presented in appendices A-3 and A-4, and the final
expressions for the amplitudes of these diagrams take the form
– 8 –
W W
l l
1− q1
A
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Figure 5: Born Approximation for W boson inclu-
sive production.
Figure 6: Born Approximation for quark anti-quark
inclusive production.
• for σ (MW , q1, q2) (see Fig. 5 and Eq. (A.1.13))
σ(MW , q1, q2) =
α2S(q
2)
q21,⊥ q
2
2,⊥
σ (MW )
where σ (MW ) =
(
N2c − 1
2Nc
)2
1
4Nc
α2S
4π3
√
2GF ln
(
M2W
4m2u
)
ln
(
M2W
4m2d
)
(2.27)
Recall that the Fermi coupling GF has the dimensions of GeV
−2, so that inspection of Eq. (2.27),
shows that σ (MW ) has the dimensions of the cross section. The factor in front of σ (MW ), (in
the first line of Eq. (2.27)), is taken into account in the BFKL Pomeron exchange in Eq. (2.24).
Integrating over the transverse momenta ~q1,⊥ and ~q2,⊥ on the RHS of Eq. (2.27), one obtains the
following expression for the Born amplitude of Fig. 5.
σ(MW , q1, q2) = α
2
S(q
2)π2 ln2
(
M2W
q2
⊥,min
)
σ (MW ) (2.28)
• for σ (Mbb¯, q1, q2) (see Fig. 6 and Eq. (A.2.7))
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σ(Mbb¯, q1, q2) =
α2S(q
2)
q21,⊥ q
2
2,⊥
σ (Mbb¯)
where σ (Mbb¯) =
(
N2c − 1
2Nc
)2
1
4Nc
α2S
8π
1
M2
bb¯
ln
(
M2W
4m2b
)
(2.29)
Integrating over the transverse momenta ~q1,⊥ and ~q2,⊥ on the RHS of Eq. (2.29), one obtains the
following expression for the Born amplitude of Fig. 6.
σ(Mbb¯, q1, q2) = α
2
S(q
2)π2 ln2
(
M2
bb¯
q2
⊥,min
)
σ (Mbb¯) (2.30)
3. Two parton shower contribution to the background for W boson and Higgs produc-
tion
3.1 The simplest diagram
For the associate W boson and Higgs production, we expect a small background, since the main process
which creates such a background, namely,
p+ p→ bb¯+W +X (3.1.1)
leads to a negligible contribution if both theW and the bb¯ pair are produced from one parton shower, at
Ybb¯ ≈ YW . Here, Ybb¯ is the value for the rapidity of the quark anti-quark pair, namely, Ybb¯ = 12(Yb+Yb¯) and
YW is the Higgs boson rapidity. Indeed, in one parton shower, the typical difference (∆y) in the rapidity
between the two emitted partons, are larger (or equal to) 1/αS ≫ 1. Therefore, keeping |Ybb¯−YW | ≤ 1/αS ,
we have a suppression for the production of the W boson and the quark anti-quark pair.
However, there exists a process for the production of the quark anti-quark pair andW boson production,
from two different parton showers (see Fig. 7). In this process, we do not expect any suppression of the
quark anti-quark pair, and W boson production, at the same values of rapidity. However, this has its own
suppression, which is related to the small probability associated with having two parton shower processes.
However, at high energies, this suppression is not actually very strong, as we will demonstrate below.
The general expression for the diagram of Fig. 7 has the following form
A (Fig. 7) =
∫
d2q
(2π)2
V 2 (pp→ IPIP ; ~q)
dσincl
(
ln(s/M2
b,b¯
);Ybb¯;−~q
)
dYbb¯
dσincl
(
ln(s/M2W );YW ;−~q
)
dYW
(3.1.2)
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2b
b¯
W W
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0
−~q ~q
yWybb¯
Figure 7: The simplest Mueller diagram for the two parton shower contribution to the background for the W boson
and Higgs production
V (pp→ IPIP ) in Eq. (3.1.2) and Eq. (3.1.3) below is the vertex of the interaction of the two Pomerons
with the proton (see Fig. 7). In Eq. (3.1.2), dσincl/dy is the cross section for the inclusive production
of the W boson, and/or the quark anti-quark pair, but not at q = 0. However, at high energy and for
hard processes, we can assume that the value of the typical q is small, and it is of the order of the typical
momenta inside of the proton. At high energy, the mechanism for inclusive production is related to the
emission of one parton shower, which can be described by the DGLAP evolution [11], or by the BFKL
Pomeron exchange [7]. For both cases, it has been proved [12, 13, 8] that we can safely put q = 0 in our
evaluation of the integral of Eq. (3.1.2). Therefore,
A (Fig. 7) =
dσincl
(
ln(s/M2
b,b¯
);Ybb¯; 0
)
dYbb¯
dσincl
(
ln(s/M2W );YW ; 0
)
YW
×
∫
d2q
(2π)2
V 2 (pp→ IPIP ; ~q)
=
dσincl
“
ln(s/M2
b,b¯
);Ybb¯;0
”
dYbb¯
dσincl(ln(s/M2W );YW ;0)
dYW
2σeff
(3.1.3)
Fortunately for us, the value of σeff has been measured by the CDF collaboration at the Tevatron [3],
with the result σeff = 14.5±1.7±2.3mb. Using the value of the predicted cross section for bb¯ production,
taking Mbb¯ =MH = 100 GeV/c
2 [15] for Ybb¯ = 0, and at the LHC energy, namely,
dσincl
“
ln(s/M2
b,b¯
);Ybb¯;0
”
dYbb¯
=
2 × 10−6mb∗, one can obtain from Eq. (3.1.3) (comparing it with Eq. (1.1)), that
dσbackground (Eq. (3.1.3)) /dybb¯|Ybb¯=0
dσH production/dYH |YH=0
≈ 2 in the LHC energy range (3.1.4)
∗This value, together with a more detailed consideration of the value of the cross section for bb¯ inclusive production, will
be discussed in section 4
– 11 –
This ratio can be easily reduced using the characteristic property of the process of Fig. 7, namely that
there are no correlations in the rapidity values between the W boson, and the quark anti-quark pair. In
other words, the cross section for this process does not depend on the difference YW − Ybb¯, while the cross
section for the associate W Higgs production of Fig. 1, has a maximum at YW − Ybb¯ = 0.
This result is encouraging, but we need to estimate the more complicated diagrams to derive the final
conclusions (see Fig. 8).
3.2 The two parton shower production: enhanced diagram
In the diagram of Fig. 8, the two parton showers are produced at the rapidity y1, and they merge back
to one parton shower at the rapidity y2. Such a process can be reduced to the enhanced BFKL Pomeron
diagram at high energy, as it is shown in Fig. 8. We would like to recall, that in this simplification, we use
the unitarity constraint
2ImAel = |Ael|2 + Gin (3.2.1)
where Ael is the elastic scattering amplitude at energy s and impact parameter b, while Gin is the
contribution of all inelastic processes. The scattering amplitude is purely imaginary at high energy, and it
can be described by the exchange of one BFKL Pomeron. Neglecting |Ael| in Eq. (3.2.1), which is possible
for the range of energies αS ln(s/s0) ≪ ln(1/α2S) , we obtain from Eq. (3.2.1) the relation
2A (1IP ) = Gin(s, b) (3.2.2)
where A (1IP ) is the amplitude for one BFKL Pomeron exchange. Using this relation, we are able
to replace the production of the parton showers with the exchange of the BFKL Pomerons. In this
subsection, we will calculate the simplest enhanced diagram shown in Fig. 8, whose contribution is given
by the expression
A (IP → 2IP → IP ;Fig. 8) =
∮
C
h ( γ) dγ
2∏
i=1
∮
Ci
h ( γi) dγi
∮
Ci ′
h
(
γ′i
)
dγ′i
∮
C ′
h
(
γ′
)
dγ′
×
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 gP
(
~k, ~q = 0;−γ
)
λ−1 ( γ) eω(γ) (Y−Y1) e(ω(γ1) (Y1−YW−
1
2
δYW )
× eω(γ2) (Y1−Ybb¯− 12 δYbb¯) eω(γ′1) (YW− 12 δYW−Y2) eω(γ′2) (Ybb¯− 12 δYbb¯−Y2) eω(γ′) (Y2−0)
× gP
(
~k0, ~q = 0; γ
′
)
λ−1
(
γ′
)
σ(MW ,−γ1, γ′1)σ(Mbb¯,−γ2, γ′2)
×
∫
d2q ′Γ3IP
(
~q = 0,−~q ′|γ, γ1, γ2
)
Γ3IP
(
~q = 0,−~q ′| − γ′,−γ′1,−γ′2
)
(3.2.3)
where h ( γ ) and λ ( γ) = ( γ ( γ − 1) )−2 have been defined in Eq. (2.1). The contours C, C ′ , C1 ,
C2 , C
′
1 and C
′
2 are similar to the contour shown in Fig. 3, which consists of the imaginary γ axis from
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bb¯
W W
0
y1
y2
Y
~k1
~q
~q′~q − ~q′
~k′
1
~q − ~q′ ~q
′
~q
~k2
~k0
yb¯b
YW
Figure 8: The first enhanced Mueller diagram for two parton shower contribution to the background for the W
boson and Higgs production
± i∞, and the semi circle at ∞ to the left of the imaginary γ axis, which encloses all singularities in the
integrand of Eq. (3.2.3). In this case also, it is assumed that the integrand as a function of γ, γ′, γ1, γ2, γ
′
1
and γ′2, vanishes on the semi circle at ∞, such that it is sufficient just to replace for each integration over
the conformal variables γl, in Eq. (3.2.3),
∮
C
dγl →
∫ ǫ+i∞
ǫ− i∞
dγl {γl} = γ, γ′, γ1, γ2, γ′1, γ′2 (3.2.4)
Following the definition of Eq. (2.2), one can replace the integration limits for the γl variables ǫ− i∞ ≤
γl ≤ ǫ + i∞, with the corresponding limits of integration for the variables νl ({νl} = ν, ν ′, ν1, ν2, ν ′1, ν ′2),
namely −∞ ≤ νl ≤ ∞. So in Eq. (3.2.3), one can change from the variable γl to the variable νl, and
re-express the integration over γl as
∮
C
dγl →
∫ ǫ+i∞
ǫ− i∞
dγl =
∫ ia+∞
ia−∞
dνl, {νl} = ν, ν ′, ν1, ν2, ν ′1, ν ′2 (3.2.5)
where a = 1/2 − ǫ is such that the contour of integration is below all singularities in νl. Hence,
in ν notation, Eq. (3.2.3) will be rewritten as follows, where the notation
∫∞
−∞
dν is understood to be a
shorthand for the contour integrals written in Eq. (3.2.5).
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A (IP → 2IP → IP ;Fig. 8) =
∫ ∞
−∞
dν ν2
2∏
i=1
∫ ∞
−∞
dνiν
2
i λ ( νi)
∫ ∞
−∞
dν ′i ν
′2
i λ(ν
′
i)
∫ ∞
−∞
dν ′ ν ′2
∫
d2q ′
×
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 gP
(
~k, ~q = 0;−ν
)
eω(ν) (Y−Y1) eω(ν1) (Y1−YW−
1
2
δYW ) eω(ν2) (Y1−Ybb¯−
1
2
δYbb¯)
× eω(ν′1) (YW− 12 δYW−Y2) eω(ν′2) (Ybb¯− 12 δYbb¯−Y2) eω(ν′) (Y2−0) gP
(
~k0, ~q = 0; ν
′
)
σ(MW ,−ν1, ν ′1)σ(Mbb¯,−ν2, ν ′2)
× Γ3IP
(
~q = 0,−~q ′|ν, ν1, ν2
)
Γ3IP
(
~q = 0,−~q ′ | − ν ′,−ν ′1,−ν ′2
)
(3.2.6)
where σ(MW ,−ν1, ν ′1) = g(MW , ~q = 0;−ν1) g(MW , ~q = 0; ν ′1)σ(MW )
and σ(Mbb¯,−ν2, ν ′2) = g(Mbb¯, ~q = 0;−ν2) g(Mbb¯, ~q = 0; ν ′2)σ(Mbb¯) (3.2.7)
where the expressions for the σ (MW ) and σ (Mbb¯) are given in Eq. (2.27) and Eq. (2.29), respectively.
In Eq. (3.2.6), we assume that YW > Ybb¯, and that q = 0, since we are considering the inclusive process
given by Fig. 8, (see the left part of this figure). From Eq. (3.2.6), we see that it is possible to integrate
over q ′. This integration has been performed in Ref. [8], with the result
Γ3IP
(
q = 0, q′|ν, ν1, ν2
) ≡ ( 2πα¯2S
Nc
)∫
d2k g (k, q = 0, ν) g
(
~k +
1
2
~q ′, ~q ′, ν1
)
g
(
~k +
1
2
~q ′,−~q ′, ν2
)
ν1→0, ν2→0−−−−−−−→
(
2πα¯2S
Nc
) 21+2iνC1(ν)π4 ( q′24 )−1/2+iν−iν1−iν2
(1/2 + iν − iν1 − iν2)3 + function without singularities in ν1 and ν2
(3.2.8)
In Eq. (3.2.8), we restrict ourselves to the case of small ν1 and ν2 ( ν
′
1 and ν
′
2), since as we will show
below, the main contribution to the integral over rapidity values, stems from Y1−Y2 → Y , and small values
of ν1 and ν2 ( ν
′
1 and ν
′
2), contribute to the BFKL Pomeron exchange at high energy (see Eq. (2.15), and
the discussion around this equation). From Eq. (3.2.8), the result of integrating the product of the two
triple pomeron vertices, which appear in the integrand on the RHS of Eq. (3.2.6), is
∫
d2q ′Γ3IP
(
~q = 0, ~q ′|ν , ν1 , ν2
)
Γ3IP
(
~q = 0, ~q ′| − ν ′ ,−ν ′1 ,−ν ′2
)
= (3.2.9)
(
2πα¯2S
Nc
)2
22iν−2iν
′
C1 ( ν) C1 (−ν ′) 2π92( 2iν−2iν1−2iν2−2iν′+2iν′1+2iν′2)
( 1/2 + iν − iν1 − iν2)3 ( 1/2 − iν ′ + iν ′1 + iν ′2)3
× δ ( ν − ν1 − ν2 − ν ′ + ν ′1 + ν ′2)
The Dirac delta function appearing on the RHS of Eq. (3.2.9), is absorbed in Eq. (3.2.6) by integrating
over ν ′. In the course of this, the expression on the RHS of Eq. (3.2.9) reduces to
– 14 –
(
2πα¯2S
Nc
)2
C1 ( ν) C1 ( ν − ν1 − ν2 + ν ′1 + ν ′2) 2π9 ( 1/2 + iν − iν1 − iν2)−3 ( 1/2 + iν − iν1 − iν2)−3 .
Hence, after evaluating the integration over ν ′, and making use of the expression in Eq. (2.12), in the case
where ~q = 0 for the pomeron couplings, gives for the RHS of Eq. (3.2.6)
A (IP → 2IP → IP ;Fig. 8) = 2π9
(
2πα¯2S
Nc
)2
ΓP (k, q − 0) ΓP (k0, q = 0) σ (MW ) σ (Mbb¯)
×
∫ ∞
−∞
dν ν2
2∏
i=1
∫ ∞
−∞
dνiν
2
i λ ( νi)
∫ ∞
−∞
dν ′iν
′2
i λ(ν
′
i)
(
ν ′1 + ν
′
2 − ν1 − ν2 + ν
)2
×
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 g
(
~k, ~q = 0;− ν
)
eω(ν) (Y−Y1) e(ω(ν1) (Y1−YW−
1
2
δYW ) eω(ν2) (Y1−Ybb¯−
1
2
δYbb¯)
× eω(ν′1) (YW− 12 δYW−Y2) eω(ν′2) (Ybb¯− 12 δYbb¯−Y2) eω(ν−ν1−ν2+ν′1+ν′2) (Y2−0)
× g(MW ,−ν1) g(MW , ν ′1) g(Mbb¯,−ν2) g(Mbb¯, ν ′2)
× C1 ( ν) C1
(
ν1 + ν2 − ν ′1 − ν ′2 − ν
)
( 1/2 − iν + iν1 + iν2)−3 ( 1/2 + iν − iν1 − iν2)−3
× g
(
~k0, ~q = 0; ν
′
1 + ν
′
2 − ν1 − ν2 + ν
)
(3.2.10)
where from the expression of Eq. (2.12), the product C1 C1g g can be recast in the form
C1 ( ν) C1
(−ν ′1 − ν ′2 + ν1 + ν2 − ν) g (~k, ~q = 0;−ν) g (~k0, ~q = 0; ν ′1 + ν ′2 − ν1 − ν2 + ν) (3.2.11)
−→ C1 ( ν) C1 (−ν) C1
(
ν ′1 + ν
′
2 − ν1 − ν2 + ν
)
C1
(−ν ′1 − ν ′2 + ν1 + ν2 − ν)(
k2 k20
)−1/2 (
16 k2
)−iν (
16 k20
)iν1+iν2−iν′1−iν′2+iν
Hence, it is obvious that using the relation of Eq. (2.11), the expression in Eq. (3.2.11) cancels the
term ν2 ( ν ′1 + ν
′
2 − ν1 − ν2 + ν)2 in the numerator of the integrand of Eq. (3.2.10), to give
A (IP → 2IP → IP ;Fig. 8) = π8 Σ (k,MW ,Mbb¯, k0)
×
∫ ∞
−∞
dν
2∏
i=1
∫ ∞
−∞
dνiν
2
i λ ( νi)
∫ ∞
−∞
dν ′iν
′2
i λ(ν
′
i)
(
16 k2
)−iν (
16 k20
)iν1+iν2−iν′1−iν′2+iν
×
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 e
ω(ν) (Y −Y1) eω(ν1) (Y1−YW−
1
2
δYW ) eω(ν2) (Y1−Ybb¯−
1
2
δYbb¯) (3.2.12)
× eω(ν′1) (YW− 12 δYW−Y2) eω(ν′2) (Ybb¯− 12 δYbb¯−Y2) eω(ν1+ν2−ν′1−ν′2+ν) (Y2−0)
× g(MW ,−ν1) g(MW , ν ′1) g(Mbb¯,−ν2) g(Mbb¯, ν ′2) ( 1/2 − iν + iν1 + iν2)−3 ( 1/2 + iν − iν1 − iν2)−3
where the factor
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Σ (k,MW ,Mbb¯, k0) = 2π
9
(
2πα¯S
Nc
)2
ΓP (k, q = 0) ΓP (k0, q = 0)
1√
k2 k20
σ (Mbb¯) M
2
bb¯σ (MW ) M
2
W
(3.2.13)
Substituting for g appearing in Eq. (3.2.12) for the form given in Eq. (2.9), the expression on the RHS
of Eq. (3.2.12) becomes
A (IP → 2IP → IP ;Fig. 8) = π16 Σ (k,MW ,Mbb¯, k0)
×
∫ ∞
−∞
dν
2∏
i=1
∫ ∞
−∞
dνiνi λ ( νi)
∫ ∞
−∞
dν ′iν
′
i λ(ν
′
i)
(
16 k2
)−iν (
16 k20
)iν1+iν2−iν′1−iν′2+iν
×
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 e
ω(ν) (Y−Y1) eω(ν1) (Y1−YW−
1
2
δYW ) eω(ν2) (Y1−Ybb¯−
1
2
δYbb¯)
× eω(ν′1) (YW− 12 δYW−Y2) eω(ν′2) (Ybb¯− 12 δYbb¯−Y2) eω(ν′1+ν′2−ν1−ν2+ν) (Y2−0) ( 16M2W )iν′1−iν1 ( 16M2bb¯)iν′2−iν2
× ( 1/2 − iν + iν1 + iν2)−3 ( 1/2 + iν − iν1 − iν2)−3 (3.2.14)
Note that due to the νi and ν
′
i (i = 1 , 2) in the denominator of Eq. (2.9), inserting this expression for
the g’s into Eq. (3.2.12), the ν2i and ν
′2
i in the numerator of Eq. (3.2.12) reduce to just factors of νi and ν
′
i
in the numerator of Eq. (3.2.12). Since ω(νl) > 0 contains a minimum at νl = 0, the integration over Y1
and Y2 is actually convergent, either at Y − Y1 ≤ 1/ω(0) ( Y2 ≤ /ω(0)) or at Y1 − YW − 12δYW ≤ 1/ω(0) (
Ybb¯ − 12δYbb¯ − Y2 ≤ 1/ω(0)). The maximal increase with energy stems from the region where Y1 → Y and
Y2 → 0. Indeed, in this region the integrand in Eq. (3.2.12) is proportional to
eω(ν1) (Y−YW−
1
2
δYW ) eω(ν2) (Y−Ybb¯−
1
2
δYbb¯) × eω(ν′1) (YW− 12 δYW ) eω(ν′2) (Ybb¯− 12 δYbb¯) (3.2.15)
Using Eq. (3.2.15), and evaluating the integrations over all the ν’s in the saddle point approximation,
we see that
A (IP → 2IP → IP ;Fig. 8) ∝ exp
(
ω(0)
(
2Y − 1
2
δYW − 1
2
δYbb¯
) )
(3.2.16)
where the typical values of νl are
|ν1| ≈ ln(M
2
W /k
2
0)
2(Y − YW − 12δYW )
≪ 1; |ν2| ≈
ln(M2
bb¯
/k20)
2(Y − Ybb¯ − 12δYbb¯)
≪ 1;
|ν ′1| ≈
ln(M2W /k
2
0)
2(YW − 12δYW )
≪ 1; |ν ′2| ≈
ln(M2
bb¯
/k20)
2(Ybb¯ − 12δYbb¯)
≪ 1; (3.2.17)
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This can be seen more clearly in the argument that follows, where considering the region of integration
close to the point ν → 0, one obtains the delta function δ (Y − Y1 + Y2) in the rapidity variables.
For small ν1 and ν2 ( ν
′
1 and ν
′
2), we have three different kinematic regions of integration: (i) |iν+1/2| ≪
ν1+ ν2 (|iν ′+1/2| ≪ ν ′1+ ν ′2); (ii) |iν+1/2| ≫ ν1+ ν2 (|iν ′+1/2| ≫ ν ′1+ ν ′2); and (iii) |iν+1/2| ≈ ν1+ ν2
(|iν ′ + 1/2| ≈ ν ′1 + ν ′2).
3.2.1 Region (I): |iν + 1/2| ≪ ν1 + ν2 (|iν
′ + 1/2| ≪ ν′
1
+ ν′
2
)
In the first kinematic region, we have Γ3IP → 1/(iν1 + iν2)3. Therefore, the integral is large for values of
|ν| → 1/2. Using Eq. (3.2.9), the integrand in Eq. (3.2.6) could be simplified in this kinematic region in
the following way.
Areg.(i) (IP → 2IP → IP ;Fig. 8) = 2π9
(
2πα¯2S
Nc
)2
ΓP (k, q − 0) ΓP (k0, q = 0) σ (MW )σ (Mbb¯) (3.2.1.1)
×
∫ ∞
−∞
ν2 dν C1(ν)
2∏
i=1
∫ ∞
−∞
ν2i dνi
∫ ∞
−∞
ν ′2i dν
′
i
∫ ∞
−∞
ν ′2dν ′C1(−ν ′) δ(ν1 + ν2 − ν
′
1 − ν ′2)22iν1+2iν2−2iν
′
1−2iν
′
2
(ν1 + ν2)3 (ν ′1 + ν
′
2)
3
× g
(
~k, ~q = 0;−ν
) ∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 e
ω(ν) (Y−Y1) e(ω(ν1) (Y1−YW−
1
2
δYW ) eω(ν2) (Y1−Ybb¯−
1
2
δYbb¯)
× eω(ν′1) (YW− 12 δYW−Y2) eω(ν′2) (Ybb¯− 12 δYbb¯−Y2) eω(ν′) (Y2−0)
× g(MW ,−ν1) g(MW , ν ′1) g(Mbb¯,−ν2) g(Mbb¯, ν ′2) g
(
~k, ~q = 0; ν ′
)
The BFKL eigenvalues ω(ν) and ω(ν ′), (see Eq. (2.6)) increase as ω(ν) → −α¯S/(1/2 ± iν), and
therefore, the integral over ν takes the following form
∫ +∞−i(ǫ−1/2)
−∞−i(ǫ−1/2)
dν
2π
exp
(
− α¯S
1/2± iν (Y − Y1)
)
→ − α¯S
∫ ∞
−∞
dt
2πi
et(Y −Y1)
t2
= α¯S(Y − Y1) (3.2.1.2)
where t = α¯S/(1/2 ± iν) . The typical ν in this integral, is about α¯S(Y − Y1), while we expect
ν1 ≈ ν2 ≈ 1/α¯SY . Therefore, for region (i) |iν + 1/2| cannot be less than ν1 + ν2, which is in clear
contradiction with our initial assumption. It means, that the first kinematic region does not contribute to
the integral.
3.2.2 Region (II): |iν + 1/2| ≫ ν1 + ν2 (|iν
′ + 1/2| ≫ ν′
1
+ ν′
2
)
In the second kinematic region, |iν +1/2| ≫ ν1+ ν2 (|iν ′ +1/2| ≫ ν ′1+ ν ′2) while ν1 ≈ ν2 ≈ ν ′1 ≈ ν ′2 ≈
1/αSY . In this region, Eq. (3.2.9) reads
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∫
d2q′ Γ3IP
(
q = 0, q′|ν, ν1, ν2
)
Γ3IP
(
q = 0, q′| − ν ′,−ν ′1,−ν ′2
)
(3.2.2.1)
−→
(
2πα¯2S
Nc
)2
2π9 22iν−2iν
′
C1(ν)C1(−ν ′)
(1/2 + iν)3(1/2− iν ′)3 δ(ν − ν
′)
Taking into account Eq. (3.2.2.1), the integration over ν ′ is eliminated by the Dirac delta function
δ ( ν − ν ′) , which appears in Eq. (3.2.2.1), such that inserting this into Eq. (3.2.6) gives the following
expression
Areg.(ii) (IP → 2IP → IP ;Fig. 8) = (3.2.2.2)
Σ (k,MW ,Mbb¯, k0) π
8
∫ ∞
−∞
dν
(1/2 + iν)3(1/2− iν)3
(
k20
k2
)iν 2∏
i=1
∫ ∞
−∞
ν2i λ (νi) dνi
∫ ∞
−∞
ν ′2i λ
(
ν ′i
)
dν ′i
×
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 e
ω(ν) (Y−Y1+Y2) eω(ν1) (Y1−YW−
1
2
δYW ) eω(ν2) (Y1−Ybb¯−
1
2
δYbb¯)
× eω(ν′1) (YW− 12 δYW−Y2) eω(ν′2) (Ybb¯− 12 δYbb¯−Y2) g(MW ,−ν1) g(MW , ν ′1) g(Mbb¯,−ν2) g(Mbb¯, ν ′2)
(3.2.2.3)
If the following definitions are made, namely
Yν1 = Y1 − YW −
1
2
δYW ; Lν1 =
M2W
k20
; Yν2 = Y1 − Ybb¯ −
1
2
δYbb¯ ; Lν2 =
M2
bb¯
k20
;
Yν′1 = YW −
1
2
δYW − Y2; Lν′1 =
M2W
k20
; Yν′2 = Ybb¯ −
1
2
δYbb¯ − Y2 ; Lν′2 =
M2
bb¯
k20
;
Then Eq. (3.2.2.2) can be written in the following, more compact form,
Areg.(ii) (IP → 2IP → IP ;Fig. 8) =(
16π4
)4
Σ (k,MW ,Mbb¯, k0)
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 Iν Iν1 Iν2 I
′
ν1 I
′
ν2 (3.2.2.4)
where Iν(Y − Y1 − Y2) =
∫ ∞−i(ǫ−1/2)
−∞−i(ǫ−1/2)
dν
e
−α¯S
1/2+iν
(Y−Y1+Y2)
(iν + 1/2)3(1/2 − iν)3
(
k20
k2
)iν
(3.2.2.5)
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and where Iνi→ 0((Yνi , Lνi) =
∫ ∞
−∞
dνi νi e
ω(νi) Yνi (Lνi)
i νi (3.2.2.6)
comparison with Eq. (2.14) ⇒ Iνi→ 0((Yνi , Lνi) νi→ 0−−−→
d
d ln Lν1
P (Lνi ;Yνi) (3.2.2.7)
Yνi→ 0−−−−→ d
d lnLνi
δ ( lnLνi ) (3.2.2.8)
In Eq. (3.2.2.4), we evaluate first the integrals over Y1 and Y2, which take the following form, where
in region (ii), ν1, ν2, ν
′
1 and ν
′
2 are considered small.
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 Iν Iν1 Iν2 I
′
ν1 I
′
ν2 =
∫ ∞
−∞
dν
(iν + 1/2)3(iν − 1/2)3
(
k20
k2
)iν
×
∫ ∞
−∞
ν1 L
−iν1
ν1 dν1
∫ ∞
−∞
ν2 L
−iν2
ν2 dν2
(ω(ν1) + ω(ν2)− ω(ν))
∫ ∞
−∞
ν ′1L
−iν′1
ν′1
dν ′1
∫ ∞
−∞
ν ′2 L
−iν′2
ν′2
dν ′2
(ω(ν ′1) + ω(ν
′
2)− ω(ν))
× eω(ν1) (Y−YW− 12 δYW ) eω(ν2) (Y−Ybb¯− 12 δYbb¯)
(
1 − e(ω(ν)−ω(ν1)−ω(ν2))(Y −YW− 12 δYW )
)
× eω(ν′1) (YW− 12 δYW ) eω(ν′2) (Ybb¯− 12 δYbb¯)
(
1 − e(ω(ν)−ω(ν′1)−ω(ν′2))(Ybb¯− 12 δYbb¯)
)
(3.2.2.9)
In the limit that iν ± 1/2 → 0, then ω(ν) −→ −α¯S/(i ν ± 1/2) , and in our kinematic region,
Eq. (3.2.2.9) reduces to the following expression
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 Iν Iν1 Iν2 I
′
ν1 I
′
ν2 =
1
α¯2S
∫ ∞
−∞
dν
(i ν ± 1/2)(i ν ∓ 1/2)3
(
k20
k2
)iν
×
∫ ∞
−∞
ν1L
−iν1
ν1 dν1
∫ ∞
−∞
ν2L
−iν2
ν2 dν2 e
ω(ν1) (Y−YW−
1
2
δYW ) eω(ν2) (Y−Ybb¯−
1
2
δYbb¯)
×
(
1 − e(ω(ν)−ω(ν1)−ω(ν2))(Y −YW− 12 δYW )
)
×
∫ ∞
−∞
ν ′1L
−iν′1
ν′1
dν ′1
∫ ∞
−∞
ν ′2L
−iν′2
ν′2
dν ′2 e
ω(ν′1) (Ybb¯−
1
2
δYbb¯) eω(ν
′
2) (Ybb¯−
1
2
δYbb¯)
×
(
1 − e(ω(ν)−ω(ν′1)−ω(ν′2))(Ybb¯− 12 δYbb¯)
)
(3.2.2.10)
In Eq. (3.2.2.10), the integration over ν can be taken analytically, since
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∫ ∞−i(ǫ−1/2)
−∞−i(ǫ−1/2)
dν
2π i
1
(iν ± 1/2) (1/2 ∓ iν)3 = 1 ; (3.2.2.11)∫ ∞−i(ǫ−1/2)
−∞−i(ǫ−1/2)
dν
2π i
e
−
α¯S
1/2±iν
Yν
(iν ± 1/2) (1/2 ∓ iν)3
(
k20
k2
)iν
k20=k
2
−−−−→ 1
α¯S
∫ ∞
−∞
dt
2π t
e−tYν
≈ Θ((Y − Y1 + Y2) + (3.2.2.12)
+ terms suppressed by powers of α¯S relative to the first term (see Eq. (3.2.2.11)) (3.2.2.13)
→ 1
2π


√
π
f ′′sp
exp
(
2
√
α¯S Yν ln(k2/k20)
)

(
1− α¯S
tsp
)−3
(3.2.2.14)
where t = −α¯S/(1/2 ± iν), and Θ(x) = 1 if x > 0 while Θ(x) = 0 for x < 0. The last integral is
taken using the steepest decent method, and tsp =
√
α¯S ln(k2/k
2
0)
Yi
is the saddle point of the integral in
Eq. (3.2.2.14). f ′′SP = tSP Yi. However, this method works only in the region Yi tSP > 1. For Yi tSP < 1,
we can use Eq. (3.2.2.13). Using Eq. (3.2.2.13) for the calculation, we find that the largest contribution
stems from the first term in both parentheses in the integrand of Eq. (3.2.2.10). Hence, the first terms in
both parentheses survive, leading to the following expression
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 Iν Iν1 Iν2 I
′
ν1 I
′
ν2 =∫ ∞
−∞
ν1L
−iν1
ν1 dν1
∫ ∞
−∞
ν2L
−iν2
ν2 dν2
∫ ∞
−∞
ν ′1L
−iν′1
ν′1
dν ′1
∫ ∞
−∞
ν ′2L
−iν′2
ν′2
dν ′2 ×
× 1
α¯2S
eω(ν1) (Y−YW−
1
2
δYW ) eω(ν2) (Y−Ybb¯−
1
2
δYbb¯) eω(ν
′
1) (YW−
1
2
δYW ) eω(ν
′
2) (Ybb¯−
1
2
δYbb¯) (3.2.2.15)
The integrals over νi and ν
′
i, lead to the Pomeron amplitudes given by Eq. (2.14), and the final answer
for this kinematic region is given by the following expression.
A (IP → 2IP → IP ;Fig. 8)reg II =
(2π)16
α¯2S
Σ
(
k2,MW ,Mbb¯, k0
)
νSP1 ν
SP
2 ν
′SP
1 ν
′SP
2 × (3.2.2.16)
P
(
k,Mb,b¯|Y − Ybb¯ −
1
2
δYbb¯
)
P
(
k0,Mb,b¯|Ybb¯ −
1
2
δYbb¯
)
P
(
k,MW |Y − YW − 1
2
δYW
)
P
(
k0,MW |YW − 1
2
δYW
)
where νSPi is the value of the saddle point in the integration over νi, in the steepest decent method,
and
νSP1 ν
SP
2 ν
′SP
1 ν
′SP
2 =
π2 ln(M2W /k
2) ln(M2W /k
2
0) ln(M
2
bb¯
/k2) ln(M2
bb¯
/k20)(
Y − Ybb¯ − 12δYbb¯
) (
Y − YW − 12δYW
) (
Ybb¯ − 12δYbb¯
) (
YW − 12δYW
)
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3.2.3 Region (III): |iν + 1/2| ≈ ν1 + ν2 (|iν
′ + 1/2| ≈ ν′
1
+ ν′
2
)
As it has been pointed out in Ref.[8], the fastest increase with energy stems from the third region of
integration over ν, ν1 and ν2, which is specified by
ν1 → ν2 ; 1/2 + iν − iν1 − iν2 = 0 ; ω(2ν01 + 12 i) = 2ω(ν01 )
ν ′1 → ν ′2 ; 1/2 + iν ′ − iν ′1 − iν ′2 = 0 ; ω(2ν ′01 + 12 i) = 2ω(ν ′01 ) (3.2.3.1)
It turns out, that 2ω(ν01 ) > 2ω(0), and therefore the contribution from the kinematic region specified
by Eq. (3.2.3.1), leads to a faster growth than in the case of the exchange of two non interacting Pomerons.
It means, that this region can lead to a larger value for the cross section for the two parton shower
production at the LHC energy, in comparison with the Tevatron energy, (where such a cross section has
been measured in ref. [3]). We can integrate over Y1 and Y2 in Eq. (3.2.6), to give the result
A (IP → 2IP → IP ;Fig. 8) =
∫ ∞
−∞
dν ν2
2∏
i=1
∫ ∞
−∞
dνiν
2
i λ (νi)
∫ ∞
−∞
dν ′iν
′2
i λ(ν
′
i)
∫ ∞
−∞
dν ′ ν ′2 (3.2.3.2)
× gP
(
~k, ~q = 0;−ν
) ∫
d2 q′ Γ3IP
(
~q = 0, ~q ′|ν, ν1, ν2
)
Γ3IP
(
~q = 0, ~q ′| − ν ′,−ν ′1,−ν ′2
)
gP
(
~k0, ~q = 0; ν
′
)
×σ (Mw,−ν1, ν ′1)σ (Mbb¯,−ν2, ν ′2) (ω(ν1) + ω(ν2)− ω(ν))−1 (ω(ν ′)− ω(ν ′1)− ω(ν ′2))−1
×
(
eω(ν1) (Y−YW−
1
2
δYW ) eω(ν2) (Y−Ybb¯−
1
2
δYbb¯) − eω(ν) (Y−YW− 12 δYW ) e(ω(ν2) (YW+ 12 δYW−Ybb¯− 12 δYbb¯)
)
×
(
e(ω(ν
′
1) (YW−
1
2
δYW−Ybb¯+
1
2
δYbb¯) eω(ν
′) (Ybb¯−
1
2
δYbb¯) − e(ω(ν′1) (YW− 12 δYW ) eω(ν′2) (Ybb¯− 12 δYbb¯)
)
Using Eq. (3.2.7) and Eq. (3.2.9), and the expression given in the appendix (see Eq. (2.12)), we obtain
A (IP → 2IP → IP ;Fig. 8) = π8 Σ (k,MW ,Mbb¯, k)
∫ ∞
−∞
dν
∫ ∞
−∞
dν ′
2∏
i=1
∫ ∞
−∞
ν2i λ (νi) dνi
∫ ∞
−∞
ν ′2i λ
(
ν ′i
)
dν ′i
× (16k20)iν′ (16k2)−iν (16M2W )iν′1−iν1 (16M2bb¯)iν′2−iν2 δ(ν − ν1 − ν2 − ν ′ + ν ′1 + ν ′2)
×
(
eω(ν1) (Y−YW−
1
2
δYW ) eω(ν2) (Y−Ybb¯−
1
2
δYbb¯) − eω(ν) (Y−YW− 12 δYW ) eω(ν2) (YW+ 12 δYW−Ybb¯− 12 δYbb¯)
)
(1/2− iν + iν1 + iν2)3 (ω(ν1) + ω(ν2)− ω(ν))
×
(
eω(ν
′
1) (YW−
1
2
δYW−Ybb¯+
1
2
δYbb¯) eω(ν
′) (Ybb¯−
1
2
δYbb¯) − eω(ν′1) (YW− 12 δYW ) eω(ν′2) (Ybb¯− 12 δYbb¯)
)
(1/2 + iν ′ − iν ′1 − iν ′2)3 (ω(ν ′)− ω(ν ′1)− ω(ν ′2))
×C1 (−ν1) C1
(
ν ′1
)
C1 (−ν2) C1
(
ν ′2
)
(3.2.3.3)
In order to evaluate the integrations over ν1, ν2, ν
′
1 and ν
′
2 on the RHS of Eq. (3.2.3.3), it will be
useful to make the following change of variables. Let ν(12) =
1
2 ( ν1 + ν2) , and ν [12] =
1
2 ( ν1 − ν2) , and
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likewise for ν ′(12) =
1
2 ( ν1 + ν2) , and ν
′
[12] =
1
2 ( ν
′
1 − ν ′2) . In new variables
∏2
i=1 ν
2
i λ (νi) dνi ν
′2
i λ (ν
′
i) dν
′
i
has the form 16
(
ν2(12) − ν2[ 12]
) (
ν ′2(12) − ν ′2[ 12]
)
dν(12)dν [12] dν
′
(12)dν
′
[12]. We expect that ν(12) and ν
′
(12) will
be close to ν01 while both ν [12] and ν
′
[12] will be much smaller. Indeed, assuming this we can expand
ω(νi) = ω(ν(12)) + ω
′(ν(12)) ν [12] − ω”(ν(12)) ν2[12]/2. Using this expansion one can see that integrals over
ν[ 12] and ν[ 12] have a Gaussian form and can be taken using the steepest decent method. The saddle point
value of these variables are small and decreasing with energy, namely,
νSP[ 12] =
ln
(
M2W M
2
bb¯
/k40
)
2Y − YW − 12δYW − Ybb¯ − 12δYbb¯
; ν ′SP[ 12] =
ln
(
M2W M
2
bb¯
/k40
)
YW − 12δYW + Ybb¯ − 12δYbb¯
; (3.2.3.4)
Evaluating the integrals over ν(12) and ν
′
(12) by closing the contour on the pole, and by using the
δ function, Eq. (3.2.3.3) reduces to the following expression (considering νSP[ 12] as well as ν
′SP
[ 12] are small:
νSP[ 12]) ≪ ν(12) and ν ′SP[ 12]) ≪ ν ′(12)).
A (IP → 2IP → IP ;Fig. 8) = π8 Σ (k,MW ,Mbb¯, k0)
∫
dν dν ′ ν1ν2 dν12 ν
′
1ν
′
2 dν
′
12
×
(
k2
M2W M
2
bb¯
)−iν (
k20
M2W M
2
bb¯
)iν′
ω′′(0) (Y − YW − 12δYW )
(ω(ν1) + ω(ν2)− ω(ν)) (ω(ν ′1) + ω(ν ′2)− ω(ν ′))
× eω(ν1) (Y−YW− 12 δYW ) eω(ν2) (Y−Ybb¯− 12 δYbb¯)
(
1 − e(ω(ν)−ω(ν1)−ω(ν2))(Y −YW− 12 δYW )
)
× eω(ν′1) (YW− 12 δYW ) eω(ν′2) (Ybb¯− 12 δYbb¯)
(
1 − e(ω(ν′)−ω(ν′1)−ω(ν′2))(Ybb¯− 12 δYbb¯)
)
(3.2.3.5)
In this integral ν(12) =
1
2(ν − 12 i) and ν ′(12) = 12(ν ′ − 12 i) and νi = 12(ν − 12 i) ± ν [12] → ν01 at
high energy, as well as ν ′i =
1
2(ν
′ − 12 i) ± ν ′[12] → ν01 . It should be stressed, that in Eq. (3.2.3.5), all the
ν’s satisfy Eq. (3.2.3.1). Expanding ω(νi) around the point in the vicinity of ν1 = ν
′
1 = ν
0
1 , and denoting
iν1 − iν01 = f and iν1 − iν01 = f ′, we find that Eq. (3.2.10) can be written as follows
∫ ǫ+i∞
ǫ−i∞
df
2πi
e(ω(ν
0
1 )+ d˜ f/2) (2Y − YW−Ybb¯−
1
2
(δYW+δYbb¯))
1
d f
(
1− e−d f (Y−YW− 12 δYW )
)
∫ ǫ+i∞
ǫ−i∞
df ′
2πi
e(ω(ν
0
1 )+ d˜ f
′/2) (YW+Ybb¯−
1
2
(δYM+δYbb¯)
1
d f ′
(
1 − e−df ′ (Ybb¯+ 12 δYbb¯)
)
(3.2.3.6)
where d˜ ≡ 2ω”(ν1 = ν01) > 0 and d ≡ d˜−ω”(2ν01 + i1/2 > d˜. In this integral, we can close the contour
of integration over f and f ′, on the poles f = 0 and f ′ = 0, for the first term in each set of parentheses.
In all other terms in Eq. (3.2.3.6), we can close the contour on the right semi-plane, where we have no
singularities, and therefore these integrals are equal to zero. Finally, we have
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A (IP → 2IP → IP ;Fig. 8) = π8Σ (k,MW ,Mbb¯, k0) (3.2.3.7)
(ν01)
4
d2
∫
dν12 dν
′
12√
k2k20M
2
WM
2
bb¯

 k2√
M2W M
2
bb¯


2ν01

 k20√
M2W M
2
bb¯


2ν01
ω′′(0) (Y − YW − 1
2
δYW )
×eω(ν01+ 12ν12) (Y−YW− 12 δYW ) eω(ν01− 12ν12) (Y−Ybb¯− 12 δYbb¯) eω(ν01+ 12 ν′12) (YW− 12 δYW ) eω(ν01− 12ν′12) (Ybb¯− 12 δYbb¯)
( in Eq. (3.2.3.7), we hope that the factor d will be not confused with the sign of the differential)
Expanding ω(ν01 +
1
2ν12) and ω(ν
0
1 +
1
2ν
′
12) for the case of small ν12 (ν
′
12), and integrating over ν12 and ν
′
12,
we obtain
A (IP → 2IP → IP ;Fig. 8) = π9 Σ (k,MW ,Mbb¯, k0)
(ν01 )
4
d2

 k2√
M2W M
2
bb¯


2ν01

 k20√
M2W M
2
bb¯


2ν01
×ω′′(0) (Y − YW − 1
2
δYW ) exp
(
2 ω(ν01) (Y −
1
2
(δYW + δYbb¯))
)
× 1√
2ω”(0)(2Y − YW − Ybb¯)
exp
(
− ln
2
(
MW Mbb¯/k
2
)
2ω”(0) (2Y − (YW + Ybb¯))
)
× 1√
2ω”(0)(YW + Ybb¯)
exp
(
− ln
2
(
MW Mbb¯/k
2
0
)
2ω”(0) (YW + Ybb¯)
)
(3.2.3.8)
Eq. (3.2.3.8) can be rewritten in a simpler way, namely
A (IP → 2IP → IP ;Fig. 8)reg. III = π9 Σ (k,MW ,Mbb¯, k0)
(ν01 )
4
d2

 k2√
M2W M
2
bb¯


2ν01

 k20√
M2W M
2
bb¯


2ν01
×ω′′(0) (Y − YW − 1
2
δYW ) exp
(
2
(
ω(ν01) − ω(0)
) (
Y − 1
2
(δYW + δYbb¯))
) )
(3.2.3.9)
×P
(
k,
√
MW Mbb¯|2Y − YW − Ybb¯ −
1
2
(δYW − δYbb¯)
)
P
(
k0,
√
MW Mbb¯|YW + Ybb¯ −
1
2
(δYW − δYbb¯)
)
3.2.4 Region (IV): ν ≪ 1, ν1 ≪ 1 and ν2 ≪ 1 (ν
′ ≪ 1, ν′
1
≪ 1 and ν′
2
≪ 1 )
In our previous calculations, we focused our efforts on the singular part of Γ3IP (q = 0, q
′|ν, ν1, ν2) ≡(
2πα¯2S
Nc
) ∫
d2k g (k, q = 0, ν) g
(
~k + 12~q
′, ~q ′, ν1
)
g
(
~k + 12~q
′,−~q ′, ν2
)
(see Eq. (3.2.8)). However, the inte-
gral in the region where all the ν’s are small, also can lead to a contribution which increases at large values
of Y , as exp
(
ω(0)
(
2Y − 12δYW − 12δYbb¯
))
. Indeed, in this kinematic region we can integrate Eq. (3.2.1.2)
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over all νi (ν
′
i), using the expansion of Eq. (2.15). As an example, the ν1 integration in Eq. (3.2.14) takes
the following form, using the expansion of Eq. (2.15).
∫ ∞
−∞
dν1 ν1λ (ν1) e
ω(0)(Y1−YW− 12 δ YW )+
1
2
ν21ω
′′(0)(Y1−YW− 12 δ YW )−iν1 ln(M
2
W /k
2) (3.2.4.1)
The exponential has a saddle point at the point ν
sp
1 = i ln
(
M2W /k
2
0
)
/
(
ω′′ (0)
(
Y1 − YW − 12δ YW
))
.
The expression in the exponential f (ν1), at the saddle point takes the value
f
(
ν
sp
1
)
= 12 ln
2
(
M2W/k
2
)
/
(
ω′′ (0)
(
Y1 − YW − 12δ YW
))
. Hence, evaluating the integration in Eq. (3.2.4.1),
using the method of steepest descents gives the following result.
16 ν
sp
1 e
ω(0)(Y1−YW− 12 δ YW ) × ef
“
ν
sp
1
”(
2π
f ′′
(
ν
sp
1
)
)1/2
= 16
i ln
(
M2W /k
2
0
)(
ω′′ (0)
(
Y1 − YW − 12δ YW
)) (3.2.4.2)
× eω(0)(Y1−YW− 12 δ YW ) × e 12 ln2(M2W /k20)(ω′′(0)(Y1−YW− 12 δ YW ))
−1
×
(
2π
ω′′ (0)
(
Y1 − YW − 12δ YW
)
)1/2
where f ′′
(
ν
sp
1
)
= ω′′ (0)
(
Y1 − YW − 12δ YW
)
. The factor of 16 in front in Eq. (3.2.4.2), originates from
the value which λ (ν1) appearing in Eq. (3.2.4.1) takes at small ν1, (see Eq. (2.8) ). The integration over
the ν1, ν
′
1 and ν
′
2, are evaluated in a similar way, using the method of steepest descents. Hence, the result
after integration of the RHS of Eq. (3.2.1.2), can be written as follows
A (IP → 2IP → IP ;Fig. 8)reg (iv) =
(
16π4
)4
Σ (k,MW ,Mbb¯, k0) (3.2.4.3)
×
∫ Y
YW+
1
2
δYW
dY1
∫ Ybb¯− 12 δYbb¯
0
dY2 e
ω(0) (Y−Y1+Y2) e2ω(0) (Y1−Y2−
1
2
δYW−
1
2
δ Ybb¯)
× ,
(
2π
ω′′(0) (Y − Y1)
)1/2 ( 2π
ω′′(0) (Y2 − 0)
)1/2
ln2
(
M2W/k
2
0
)
ln2
(
M2bb¯/k
2
0
)
× 2π
{
ω′′(0)
(
Y1 − YW − 1
2
δYW
)
ω′′ (0)
(
YW − 1
2
δYW − Y2
)}−3/2
× 2π
{
ω′′(0)
(
Y1 − Ybb¯ −
1
2
δYbb¯
)
ω′′ (0)
(
Ybb¯ −
1
2
δYbb¯ − Y2
)}−3/2
× exp
(
−1
2
ln2
(
M2W /k
2
0
)
ω′′ (0)
(
Y1 − YW − 12δ YW
)
)
exp
(
−1
2
ln2
(
M2W /k
2
0
)
ω′′ (0)
(
YW − 12δ YW − Y2
)
)
× exp
(
−1
2
ln2
(
M2
bb¯
/k20
)
ω′′ (0)
(
Y1 − Ybb¯ − 12δ Ybb¯
)
)
exp
(
−1
2
ln2
(
M2
bb¯
/k20
)
ω′′ (0)
(
Ybb¯ − 12δ Ybb¯ − Y2
)
)
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The largest contribution to the integrals over Y1 and Y2, stems from the region Y − Y1 ∝ 1/ω(0), and
Y2 − 0 ∝ 1/ω(0). Since ω”(0)/ω(0) ≈ 1, as far as the QCD coupling is concerned, we can conclude from
Eq. (3.2.4.3) that (using the Eq. (2.17) for the expression for P (k, k0|Y − Y ′), for the case of small ν )
A (IP → 2IP → IP ;Eq. (3.2.4.3))reg. IV ∝ (2π)16 Σ (k,MW ,Mbb¯, k0) (3.2.4.4)
× π
2 ln(M2W /k
2
0) ln(M
2
W /k
2
0) ln(M
2
bb¯
/k20) ln(M
2
bb¯
/k20)(
Y − Ybb¯ − 12δYbb¯
) (
Y − YW − 12δYW
) (
Ybb¯ − 12δYbb¯
) (
YW − 12δYW
) P (k,Mb,b¯|Y − Ybb¯ − 12δYbb¯
)
× P
(
k0,Mb,b¯|Ybb¯ −
1
2
δYbb¯
)
P
(
k,MW |Y − YW − 1
2
δYW
)
P
(
k0,MW |YW − 1
2
δYW
)
Comparing this contribution with Eq. (3.2.2.16), one can see that
A (IP → 2IP → IP ;Eq. (3.2.4.4))reg IV
A (IP → 2IP → IP ;Eq. (3.2.2.16))reg II
∝ α¯2S ≪ 1 (3.2.4.5)
Therefore, this kinematic region gives a much smaller contribution, than the kinematic region (II).
4. Estimates of the background
Comparing Eq. (3.2.2.16) with Eq. (3.2.3.9), one can see that the first contribution is suppressed. Indeed,
the ratio of these two contributions for YW = Ybb¯ = 0 in the c.m.f., is equal to
A (IP → 2IP → IP ;Eq. (3.2.3.9)) reg III
A (IP → 2IP → IP ;Eq. (3.2.2.16)) reg II = α¯
2
Sω”
2(0) (Y/2 − 1
2
δYW ) (Y/2 − 1
2
δYbb¯)
(ν01 )
4
d2 νSP1 ν
SP
2 ν
′SP
1 ν
′SP
2
× exp
(
2
(
ω(ν01) − ω(0)
) (
Y − 1
2
(δYW + δYbb¯))
) )
≫ 1 (4.1)
Indeed, the main factor that determines the energy behavior, is
exp
(
2
(
ω(ν01) − ω(0)
) (
Y − 12(δYW + δYbb¯)
) ) ≫ 1 which increases with energies. Other factors include
ω”2(0)/d2 ≈ 1/4, and α¯S (Y/2− 12δYW ) ≫ 1, as well as α¯S (Y/2− 12δYbb¯) ≫ 1. However , at high energy
ν01/ν
SP
1 ≫ 1. This factor cannot change the asymptotic behavior of this ratio, but it leads to a decrease
in the range of energy that we are interested in, namely from the Tevatron to the LHC energy.
It turns out, that both at the Tevatron and the LHC energies, the ratio of Eq. (4.1) is smaller than
unity , since νSP1 is equal to 0.37 and 0.19, respectively, if we take αS = αS (MH k0), and k0 = 1GeV .
Such values of νSP lead to ν
0
1/ν
SP
1 = 0.21 at the Tevatron, and ν
0
1/ν
SP
1 = 0.42 at the LHC. The numerical
solution of Eq. (3.2.3.1), gives the following relation (see Ref. [8])
2(ω(ν01 )− ω(0)) ≈ 0.25 α¯S (4.2)
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which leads to exp
(
2
(
ω(ν01) − ω(0)
) (
Y − 12(δYW + δYbb¯))
) ) ≈ 1.4(for the Tevatron and 1.86
for the LHC. Collecting these, estimate we obtain that the ratio of Eq. (4.1) to be equal to 7 × 10−4 for
the Tevatron, and 1.4 × 10−2 for the LHC. It means that we can neglect the contribution of Eq. (3.2.3.9),
and consider only the contribution given by Eq. (3.2.2.16), which describes the production of theW boson,
and the bb¯-pair from two parton showers.
In this paper, we obtain two different expression for the two parton shower production, namely
Eq. (3.1.3) for the non-enhanced diagram, and Eq. (3.2.2.16) for the enhanced diagram. From a purely
theoretical point of view, it has been proven [13, 14], that the only contribution stems from the enhanced
diagram, which reproduces the non-enhanced diagram in the low energy limit (Y − y1 ≈ 1/αS , y2 ≈ 1/αS),
at least for the case of dipole-dipole scattering. In this case, their contribution given by Eq. (3.2.2.16), has
been measured at the Tevatron [3], and it’s value at the LHC energy can be estimated using the following
expression
d2σ
(
p+ p→ W + [bb¯] +X)
dYW dYbb¯
=
1
2σeff
νSP1 (LHC) ν
SP
2 (LHC) ν
′SP
1 (LHC) ν
′SP
2 (LHC)
νSP1 (Tevatron) ν
SP
2 (Tevatron) ν
′SP
1 (Tevatron) ν
′SP
2 (Tevatron)
×
dσincl
(
ln(s/M2
b,b¯
);Ybb¯; 0
)
dYbb¯
dσincl
(
ln(s/M2W );YW ; 0
)
dYW
(4.3)
≈ 1
16σeff
dσincl
(
ln(s/M2
b,b¯
);Ybb¯; 0
)
dYbb¯
dσincl
(
ln(s/M2W );YW ; 0
)
dYW
The ratio of this background to the signal, can be written as follows
M2
bb¯
d2σ(p+p→W+[bb¯]+X)
dYW dYbb¯
d2σ(p+p→W+H+X)
dYW dYH
=
dσincl(p+p→W+X)
dYW
d2σincl(p+p→W+H+X)
dYW dYH
1
16σeff
M2bb¯
d2σincl
(
p+ p→ bb¯+X)
dM2
bb¯
dYbb¯
(4.4)
The first factor in Eq. (4.4) is well known (see Eq. (1.1)), and the uncertainties in the values of the
gluon structure function does not affect it, to within an accuracy of 7%. To evaluate the cross section
M2
bb¯
d2σincl(p+p→bb¯+X)
dM2
bb¯
dYbb¯
, we rewrite this expression as follows
M2bb¯
d2σincl
(
p+ p→ bb¯+X)
dM2
bb¯
dYbb¯
=
σ
(
M2
bb¯
)
σ
(
M2H
) dσ (p+ p→ H +X)
dYH
(4.5)
The values of σ
(
M2
bb¯
)
and σ
(
M2H
)
are calculated in Appendix 2 and Appendix 3 and it is equal to
σ
(
M2
bb¯
)
σ
(
M2H
) = 4
3
32α2S
M2
bb¯
A2
ln
(
M2bb¯/4m
2
b
) ≈ 357 (4.6)
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We believe that this ratio, which we obtain in LO QCD, does not depend on the accuracy of our
calculation, and will be almost the same as in the NLO approximation of perturbative QCD. All the
uncertainties related to the calculations in high order perturbative QCD in Eq. (4.5), are absorbed in the
value of the inclusive Higgs cross section. For this value, we take 3 × 10−9mb (for LO QCD), and 5
× 10−9mb (for NLO QCD) (see Refs. [16]. Substituting this value and Eq. (4.6) into Eq. (4.5), we obtain
M2bb¯
d2σincl
(
p+ p→ bb¯+X)
dM2
bb¯
dYbb¯
= (1 ÷ 2) × 10−6 mb (4.7)
Using this value, we estimate the background-to-signal ratio, as
M2
bb¯
d3σ(p+p→W+[bb¯]+X)
dYW dYbb¯
dσ(p+p→W+H+X)
dYW dYH
=
1.24 ÷ 2.4
16
(4.8)
Therefore, if Eq. (3.2.2.16) is responsible for the two parton shower production, the background in the
LHC kinematic region will be small, and it can be neglected.
However, if the proton has some non-perturbative contribution, and differs from the colourless dipole
of perturbative QCD, we can hope that the non-enhanced diagram gives the main contribution, leading to
M2
bb¯
d3σ(p+p→W+[bb¯]+X)
dYW dYbb¯
dσ(p+p→W+H+X)
dYW dYH
= 1.24 ÷ 2.4 (4.9)
The background of Eq. (4.9), should be considered . However, using the fact that the production
from the two parton showers does not depend on rapidity, while the signal leads to the sharp rapidity
distribution in the rapidity of the bb¯ pair, the background can be easily separated. We would like to draw
your attention to the fact that all our estimates, are heavily based on the beautiful measurement, of the
so called double parton cross section, by the CDF collaboration. We would like to draw the attention of
experimentalists, to the fact that this kind of measurements in the LHC region, will clarify the value of
the contribution of the two parton shower processes, and therefore, will lead to an improvement of our
knowledge of the non-traditional QCD background.
5. Summary
This paper has two main results. The first, are the estimates of the background to the associate W Higgs
production. The second result, is the detailed calculation of the contribution of the enhanced diagrams
to this background. As far as practical estimates are concerned, Eq. (4.8) and Eq. (4.9) give the main
conclusions of this paper. These results are encouraging, since the background turns out to be no larger,
than a factor 2 larger than the signal. The principle difference between the signal and background, is the
dependence with respect to the rapidity difference YW − Ybb¯. The signal has a peak at YW − Ybb¯ = 0,
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while the background does not depend on this difference. Having this in mind, we can easily separate this
background for the signal.
The theoretical calculations, are the first where all kinematic regions in the enhanced diagram have been
considered. The most interesting part, is related to the calculation of the contribution of the overlapping
singularities. Being interesting theoretically, these singularities give a negligible contribution at the LHC
energies and below. We believe, that this is an important observation for practical estimates of the
processes, that are responsible for physics in the saturation domain.
We would like to draw the attention of experimentalists, to the fact that the measurement of the so
called double parton cross section in the LHC range of energies, in the way that the CDF collaboration
did at the Tevatron, will clarify both the contribution to the background of such non-traditional QCD
processes as the two parton shower production, and the importance of the shadowing corrections for
semihard processes.
We hope that our paper will be useful for planning experiments, in the search for the Higgs boson.
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A. Appendix
A.1 The amplitude for the subprocess in GG → W
The aim of this section of the appendix, is to derive the expression for the cross section σ(Mbb¯), for the
production of the bb¯ quark - anti quark pair, in the gluon fusion GG→ bb¯. These cross sections, have been
calculated (see Refs.[17, 18, 19]), but we reproduce the calculation here in our technique using Sudakov
variables, since using this method of calculation, it is easier to include the calculated cross sections in the
framework of our approach, based on the BFKL Pomeron.
In Fig. 5, one can see that in the Born diagram for this process, the hexagon is on shell, as well
as the protons between the t-channel gluons. In other words, the dashed line through the center of the
diagram, intersects lines representing particles which are on shell. The cross section which corresponds to
this diagram, is equal to
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dσBA
dYW
=
1
4s
A (Mueller diagram of Fig. 5 for process p p W → p p W) δ
(
1
2
ln (α1/β2)− yW
)
(A.1.1)
where α and β are the Sudakov variables for the vectors ~q1 and ~q2 ( see below). The upper line of the
diagram gives the factor
( −igs
q21
)
u¯ ( p1 , s1 ) γ
µ u
(
p1 − q1 , s′1
) × ( −igs
q21
)
u¯
(
p1 − q1 , s′1
)
γρ u ( p1 , s1”) (A.1.2)
where s1, s
′
1 and s1” are the helicities of the incoming, the intermediate, and the outgoing quarks
respectively. Throughout this calculation, the Eikonal approximation is used, which assumes that the
components of the momentum of the exchanged gauge particle, (in this case gluons), are small compared
with the momentum of the emitting quark. Hence, in the Eikonal approach, all components of ~q1 are
assumed to be small, such that Eq. (A.1.2) may be replaced by
(
4παS
q41
)
u¯ ( p1 , s1 ) γ
µ u
(
p1 , s
′
1
) × u¯ ( p1 , s′1 ) γρ u ( p1 , s1”) (A.1.3)
For spinors which are normalised such that u ( p1 , s
′
1) u
† ( p1 , s1) = δs1,s′1 , and using the following
property of Dirac spinors from Gordon’s relation, namely
2 u¯ ( p , s) γµ u
(
p′ , s′
)
= u¯ ( p , s)
( (
p+ p′
)µ
+ iσµν
(
p− p′)
ν
)
u ( p , s) (A.1.4)
then plugging this into Eq. (A.1.3), one has for the contribution of the upper line of the diagram
( 4παS)
q41
pµ1p
ρ
1δs1,s′1 δs′1,s1” =
(4παS)
q41
qµ1,⊥
α1
qρ1,⊥
α1
δs1,s′1 δs′1,s1” (A.1.5)
where we use the gauge invariant condition, that qµ1 Hµ,ρ,ν,σ = 0, where H is the amplitude of
the hexagon. Similarly, the lower line of the diagram in the Eikonal approximation, gives the following
contribution to the amplitude
( 4παS)
q42
pν2p
σ
2δs2,s′2 δs′2,s2” =
( 4παS)
q42
qν2,⊥
β2
qσ1,⊥
β2
δs2,s′2δs′2,s2” (A.1.6)
Hence, the expression for the amplitude of the diagram shown in Fig. 5, is given by the following
expression, where it is assumed that the on shell quarks (horizontal lines in the hexagon shown in Fig. 5),
carry momenta which depend mostly on the longitudinal direction, and all other quark lines in the hexagon,
carry momenta which depend mostly on the transverse direction,
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A (Fig. 5) =
(
4παS
(
q2
))2
q41q
4
2 α
2
1 β
2
2
∫
d4k
(2π)4
∫
d4l
(2π)4
H (A.1.7)
× (2π)2 δ
(
−βkα1 s−
(
~k − ~q1
)2
⊥
−m2u
)
δ
(
αlβ2 s−
(
~l + ~q2
)2
⊥
−m2d
)
where H ≡ qµ1,⊥ , qρ1,⊥ , qν2,⊥ , qσ2,⊥Hµρνσ
=
f (MW )
D21D
2
2
ελετ tr
(
/q2/k γλ ( 1− γ5) /l/q1
(
/l − /q1
)
/q1
/lγτ ( 1− γ5) /k/q2
(
/k + /q2
))
=
2f (MW )
D21D
2
2
zα1 β2 s q
2
1 q
2
2ε
λετ tr
(
/kγ⊥λ /l/lγ
⊥
τ ( 1− γ5) /k
)
=
8f (MW )
D21D
2
2
α1 β2s q
2
1 q
2
2k
2 l2
(A.1.8)
and where σ (MW ) = 4 ( 4παS (MW ))
2
√
2GF M
2
W
(
N2c − 1
2Nc
)2
1
4Nc
D1 = k
2 −m2u = αkβk s− k2⊥ −m2u
D2 = l
2 −m2d = αlβl s− l2⊥ −m2d (A.1.9)
where in the last step, γ5 anticommutes past 4 gamma matrices in the trace, to give a ( 1− γ5)2 =
2 ( 1− γ5) term. We use the fact that the part of the trace on the RHS of Eq. (A.1.7), which contains a
γ5 matrix can be removed, because evaluating the part of the trace containing the γ5 matrix gives a result
which is antisymmetric in µ and ρ, which contracted with the symmetric term pµ1p
ρ
1, gives zero. ε
λ and ελ
are the polarisation vectors of the final state W bosons in Fig. 5. In Eq. (A.1.7), we use the fact that
ελετ = gλτ (A.1.10)
and using the integration measure
∫
d4k
(2π)4
∫
d4l
(2π)4
=
s
2
∫
dαk dβk
d2k⊥
(2π)4
s
2
∫
dαldβl
d2l⊥
(2π)4
(A.1.11)
then Eq. (A.1.7) simplifies to
A (Fig. 5 ) =
(
4παS
(
q2
))2
q41 q
4
2α
2
1β
2
2
s
2
∫
dαk dβk
d2k⊥
(2π)3
s
2
∫
dαl dβl
d2l⊥
(2π)3
H
× δ
(
−βkα1 s−
(
~k − ~q1
)2
⊥
−m2u
)
δ
(
αlβ2 s−
(
~l + ~q2
)2
⊥
−m2d
)
(A.1.12)
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Using all the δ functions to evaluate the relevant integrations, specifically taking the integral over
α1 > αl and over β2 > βk, and using Eq. (A.1.1), we obtain
dσBA
dYW
=
α2S(q
2)
q21,⊥ q
2
2,⊥
σ (MW )
where σ (MW ) =
(
N2c − 1
2Nc
)2
1
4Nc
α2S
4π3
√
2GF ln
(
M2W
4m2u
)
ln
(
M2W
4m2d
)
(A.1.13)
It should be stressed, that the factor α2S(q
2)/
(
q21,⊥ q
2
2,⊥
)
, is included in the exchange of the BFKL
Pomeron, or in more general words, it should be absorbed in the product of the two gluon functions
x1G(q
2
1 , x1)x2G(q
2
2 , x2) that give the flux, (luminosity) of the gluons from both protons. The origin of the
logs in Eq. (A.1.13), comes from the integrations over k⊥ and l⊥. These integrations take the following
form
∫
d2k⊥k
2
⊥ ( from the tr(. . . ))
1
D21
= π ln(M2W /4m
2
u) (A.1.14)
A.2 The amplitude for subprocess GG→ bb¯
In this appendix, we calculate the amplitude for the subprocess GG → bb¯, in the region of large values
of bb¯ mass, ( denoted by Mbb¯ ≈ MH). For such large values of the bb¯ mass, we can restrict ourselves by
finding the contribution of the order of ln
(
M2
bb¯
/4m2b
)
, which stems from the simple diagram of Fig. 6. The
cross section can be calculated using the following expression
M2bb¯
d2σBA
dM2
bb¯
dYbb¯
=
1
4 s
A
(
Mueller amplitude (see Fig. 6) for the processes p + p + [bb¯]→ p + p + [bb¯])
× M2bb¯ δ
(
α1 β2 s−M2bb¯
)
δ
(
1
2
ln (α1/β2) − Ybb¯
)
(A.2.1)
The amplitude for this diagram is given by the expression
A (Fig. 6) =
∫
d4k
(2π)4
(−igs)
q21
u¯ ( p1 , s1) γ
µu
(
p′1 s
′
1
) (−igs)
q22
u¯ ( p2 , s2) γ
νu
(
p′2 s
′
2
)
(A.2.2)
×
(
(−igs)
q21
u¯ ( p1 , s1) γ
ρu
(
p′1 s
′
1
) (−igs)
q22
u¯ ( p2 , s2) γ
σu
(
p′2 s
′
2
))†
Sµνρσ
Using Eq. (A.1.5) and Eq. (A.1.6), we find
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A (Fig. 6) =
4παS
α21 q
4
1
4παS
β22 q
4
2
∫
d4k
(2π)4
S
where S =
(4παS (Mbb¯))
2(
k2 −m2b
)2 qµ1,⊥qρ1,⊥qν2,⊥qσ2,⊥tr{(/k − /q1 +mb
)
γρ (/k +mb) γσ
(
/k + /q2 +mb
)
γν (/k +mb) γµ
}
× (2π)2 δ
((
~k − ~q1
)2
−mb
)
δ
((
~k + ~q2
)2
−mb
) (
N2c − 1
Nc
)2
1
4Nc
(A.2.3)
In Eq. (A.2.3), we have used the Sudakov expansion
q µ
q ν
q ρ
q σ
k
k
Figure 9: The process G+G→ b+ b¯.
~k = αk~p1 + βk~p2 + ~k⊥
~q1 = α1~p1 + β1~p2 + ~q1⊥
~q2 = α2~p1 + β2~p2 + ~q2⊥ (A.2.4)
To calculate the trace in the expression for S given in Eq. (A.2.3),
we recall that at high energy, the horizontal on mass shell b quarks
in Fig. 9, have momentum which depend mostly on the longi-
tudinal direction, and the vertical virtual b quark propagators,
have momentum which depend mostly on the transverse direc-
tion. This observation reduces the RHS of Eq. (A.2.3) to the
following expression
tr
{(
/k − /q1 +mb
)
/q1,⊥ (/k +mb) /q2,⊥
(
/k + /q2 +mb
)
/q2,⊥ (/k +mb) /q1,⊥
}
= 4α1 β2 s q
2
1 q
2
2
(
k2 +m2b
)
(A.2.5)
In terms of the Sudakov parametres introduced in Eq. (A.2.4), the integration measure of the k
momentum space, becomes
∫
d4k
(2π)4
=
s
2
∫
d2k⊥dρ dλ
(2π)4
(A.2.6)
Using Eq. (A.2.6), we integrate Eq. (A.2.2) over all the α-s and β-s, taking into account the δ-functions
in Eq. (A.2.1). The result is given by the following expression
M2bb¯
d2σBA
dM2
bb¯
dYbb¯
=
α2S(q
2)
q21,⊥ q
2
2,⊥
σ (Mbb¯)
where σ (Mbb¯) =
(
N2c − 1
2Nc
)2
1
16Nc
α2S
8π
1
M2
bb¯
ln
(
M2W
4m2b
)
(A.2.7)
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where the log term has the same origin as in Eq. (A.1.14).
A.3 The amplitude for the inclusive Higgs production via subprocess GG→ H
The expression for the cross section for the inclusive Higgs production process shown in Fig. 10, is very
similar to the process of the W production due to gluon fusion, and it is equal to
dσBA
dYH
=
1
4s
A (Mueller diagram of Fig. 10 for the process p p H → p p H) δ
(
1
2
ln (α1/β2)− yH
)
(A.3.1)
The amplitude for this process shown in Fig. 10, is given by
A (Fig. 10) = A2ΠµνΠρσ
(
4παS
(
q2
))2
q41q
4
2
(A.3.2)
×
∑
spins
{
u¯
(
p′1
)
γµu (p1) u¯
(
p′2
)
γνu (p2)
}{
u¯
(
p′1
)
γρu (p1) u¯
(
p′2
)
γσu (p2)
}†
where A2 =
4
√
2GFα
2
S (MH)
9
(
N2C − 1
)
and Πµν = qν1q
µ
2 −
M2H
2
gµν (A.3.3)
Using Eq. (A.1.5) and Eq. (A.1.6), as well as the form of
q µ q ρ
q ν q σ
Aµν Aρσ
Higgs Higgs
p
p
Figure 10: The process of inclusive Higgs
production due to gluon fusion: G + G →
Higgs.
the gauge invariant tensor Πµν , we readily obtain the following
expression after integration over the α-s and β-s
dσBA
dYH
=
α2S(q
2)
q21,⊥ q
2
2,⊥
σ (MH)
where σ (MH) =
(
N2c − 1
4N2c
)
A2
256π
(A.3.4)
Since the Pomeron exchange, or more specifically the gluon
structure functions enter in the same way for the case of the
bb¯ pair production, as in the case for Higgs production due to
gluon fusion, we can calculate the ratio
M2
bb¯
d2σ(p+p→[bb¯] +X)
dM2
bb¯
dYbb¯
σ(p+p→H+X)
dYH
=
σ (Mbb¯)
σ (MH)
(A.3.5)
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Using Eq. (A.2.7) and Eq. (A.1.13), we have
M2bb¯
d2σ
(
p+ p→ [bb¯] + X)
dM2
bb¯
dYbb¯
=
4
3
32α2S
M2
bb¯
A2
ln
(
M2bb¯/4m
2
b
) × dσ (p+ p→ H +X)
dYH
(A.3.6)
where the factor of 4/3 is a colour factor.
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